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Infinitely Many Periodic Orbits for the
Octahedral 7-Body Problem

Montserrat Corbera and Jaume Llibre

Abstract. We prove the existence of infinitely many symmetric periodic orbits
for a regularized octahedral 7-body problem with six small masses placed at
the vertices of an octahedron centered in the seventh mass. The main tools
for proving the existence of such periodic orbits is the analytic continuation
method together with the symmetry of the problem.
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1. Introduction

In this paper we consider a particular case of the spatial 7-body problem defined
as follows. We consider a mass mg = 1 located at the origin of coordinates with
zero initial velocity, two small masses m; = mo = pv; with initial positions and
velocities on the z-axis symmetric with respect to the origin, two small masses
ms = my = uvs with initial positions and velocities on the y-axis symmetric with
respect to the origin, and finally two small masses ms = mg = prs with initial
positions and velocities on the z-axis symmetric with respect to the origin (see Fig-
ure 1). Our 7-body problem consists of describing the motion of the seven masses
under their mutual Newtonian gravitational attraction. Due to the symmetry of
the initial conditions and velocities, the six small bodies are located at any time
in the vertices of an octahedron with center at mg, and the mass mg remains in
rest at the origin. We call the octahedral 7-body problem the study of the motion
of this 7-body problem.

Although this is a 7-body problem it can be formulated as a Hamiltonian
system of three degrees of freedom, one is the distance x > 0 of m; to the origin,
the other is the distance y > 0 of mg3 to the origin, and the third is the distance
z > 0 of my to the origin (the distances of ma, my and mg to the origin are
obtained by symmetry). The system has seven singularities, the triple collisions
between mg, my and ms, between mg, ms and my, and between mg, ms and mg;
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F1GURE 1. The octahedral 7-body problem.

the quintuple collisions between mg, m1, ms, mz and my, between mqg, my, ma,
ms and mg, and between mq, ms, mg, ms and mg; and finally the total collision of
the seven bodies. Due to the symmetries doing a triple Levi—Civita transformation
we regularize the three triple collisions.

When p = 0 using the symmetry the problem is reduced to three collision
2-body problems, between mg and mq, between mg and ms, and between mgy and
ms. Note that if we take into account the seven bodies, then really for u = 0 we
have instead of the binary collisions mg with my, mg with m3 and mg with ms, the
triple collisions mg, m1 and ms, mg, mz and my, and mg, ms and mg respectively.
Since the solutions of the collision 2-body problem are known we can compute the
periodic solutions of the regularized system for p = 0 in a fixed negative energy
level h < 0. The objective of this paper is to prove that the symmetric periodic
orbits of the regularized octahedral 7-body problem for ¢ = 0 can be continued to
symmetric periodic orbits of the regularized octahedral 7-body problem for > 0
sufficiently small. The main tool for proving this result is the classical analytic
continuation method of Poincaré.

In [5] applying the techniques applied in this paper the authors prove the
existence of infinitely many symmetric periodic orbits of the the planar regularized
rhomboidal 5-body problem for 1 > 0 sufficiently small. The regularized octahedral
7-body problem has more symmetries and consequently is richer in families of
symmetric periodic orbits. The techniques applied here are also similar to the ones
applied in [4] and [6] in order to prove the existence of infinitely many periodic
orbits for the collinear 3-body problem.

The paper is structured as follows. In Section 2 we give the equations of
motion of the octahedral 7-body problem and we apply a triple Levi—Civita trans-
formation to regularize the triple collisions between mg, m1 and ms, between my,
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mg and m4 and between mg, ms and mg. Notice that the quintuple collisions and
the total collision are not regularized.

In Section 3 we analyze the discrete symmetries of the regularized problem. In
particular, we see that there are four different symmetries that provide symmetric
periodic orbits of the problem. In fact all the symmetric periodic orbits that we find
are double symmetric periodic orbits; i.e., periodic orbits which are simultaneously
symmetric with respect to exactly two different symmetries. Moreover we see that
there are no triple and no quadruple symmetric periodic orbits; i.e., periodic orbits
which are simultaneously symmetric with respect to three or four symmetries.

In Section 4 we compute the periodic orbits of the regularized octahedral 7-
body problem for ;. = 0 and we analyze its symmetric periodic orbits. In particular
we will see that all symmetric periodic orbits of the regularized octahedral 7-body
problem for g = 0 are double symmetric periodic orbits.

Finally in Section 5 we apply the analytic continuation method of Poincaré
to continue the double symmetric periodic orbits of the regularized octahedral 7-
body problem for = 0 to double-symmetric periodic orbits of the regularized
octahedral 7-body problem for p > 0 sufficiently small.

2. Equations of motion for the octahedral 7-body problem

We consider seven point particles with masses mg = 1, m; = mgy = pry, ms =
mg4 = j1V2, M5 = Mg = 3 positions qo = (0,0,0), q1 = (2,0,0), g2 = (-2,0,0),
a3 = (0,9,0), a2 = (0,-y,0), g5 = (0,0,2), and q¢ = (0,0, —2), respectively,
and velocities vy = (0,0,0), vi = (v,0,0), vo = (—v4,0,0), v3 = (0,vy,0), v4 =
(0, —vy,0), v5 = (0,0,v,), and vg = (0,0, —v,) respectively (see Figure 1). Here
z,y, 2z € [0,400) and vy, vy, v, € R. Our 7-body problem consists of describing the
motion of these particles under their mutual Newtonian gravitational attractions.
We note that due to the symmetry of the problem the mass mg rest at the origin
at any time and the motion of the masses m; and ms is confined to the z-axis,
the motion of the masses m3 and my is confined to the y-axis, and the motion of
the masses ms and mg is confined to the z-axis. Since the configuration of the six
bodies in motion is always an octahedron with center at mg, we call the study of
the motion of this 7-body problem the octahedral 7-body problem.

Without loss of generality we can assume that the gravitational constant is
G = 1. Then the kinetic energy of the octahedral 7-body problem is

T =pwnd®+py’ +pvs i,
where the dot denotes derivative with respect to the time ¢ and the potential
energy is
v (dtpr)  pre (44 pve)
2x 2y
pvs(dtpvy)  ApPrive APy AP vavs
22 \/xQ + g2 Va2 + 22 \/yz ¥+ 22 ’

U =
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The Lagrangian of the problem is given by L =T — U. By the Legendre transfor-
mation (see for instance [1,2,7]) the Hamiltonian of the problem is
R A
dpuvy  4pve  4dupvs

+U,

where p,, p, and p, are the conjugate momenta. The equations of motion associ-
ated to the Hamiltionian H are

P o pridtpn)  4Pnima 4P

= 2, Dz = ) (22 + y2)3/2 (22 + 22)3/2 )
oy pre(tpm)  4Pnivsy 4P nvsy O
Y 2wy’ Dy 242 (22 +12)3/2 (2 + 22)3/2°
s P _ p(dtpw)  4Pniwz 4Pz

= Y Dz = 9,2 (22 4+ 22)3/2 (y2 + 22)3/2°

Doing the rescaling of the variables x = p2X,y = p?Y, z = p?Z and t = 13T,
and denoting the new variables (X,Y, Z, T') again by (z,y, z,t) system (1) becomes

a‘;:pi ; :_V1(4+/“/1)_ dpvivex B dpvivsx
2, Pz 242 (x2 +92)3/2 (22 4 22)3/27
by m(Gtpre)  Apniy  Apnvsy (2)
Y 2uy Dy 22 (22 +y2)372 (2 + 22)3/2’
P ; fi’/3(4+/~”’3)7 dprivsz  Apryvsz
2wy b= = 2,2 (22 + 22)3/2  (y2 + 22)3/2°

This system is also Hamiltonian with Hamiltonian

_ Py | P vi(d4+pv) va(d+pre)  vs(d+pvs)

T4y, dvs dus 2x 2y 2z
4 vy vo dpvy vs dp vy vs

_\/x2—|—y2_\/x2+22_\/y2—|—22’

We note that system (2) has seven singularities: z = 0, that corresponds to
tripe collision between mg, my and me, y = 0 that corresponds to triple collision
between mg, mz and my4, z = 0 that corresponds to triple collision between mg, ms
and mg, 2 + y? = 0 that corresponds to the quintuple collision between mg, m1,
ma, ms and my, 22 + 22 = 0 that corresponds to the quintuple collision between
mg, my, ma, ms and mg, y> + 22 = 0 that corresponds to the quintuple collision
between mg, ms, ma, ms and mg, and finally 2 + y? + 22 = 0 that corresponds
to the total collision of the seven masses. We regularize the three triple collisions
applying a triple Levi-Civita transformation (see [3,6,9])

mn 2 M3
13:5%, y=€§, 22537 pI:Ea Py=%7 pZ:%a dt:4§%f§f§d5-
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The regularized system of the octahedral 7-body problem (2) on the level
energy H = h for some constant A is the Hamiltonian system

d&  mé&&s

ds - 21/1

ey _ mEE3

dS 21/2

des _ €3

ds 2V3

d 2

o G S (a4 )€+ Ava(d+ )6
ds 2u9 2u3

2618583 323§ E5ES  32uovs€i €565
+ 8h&1£5€5 + @ +€§)3323 + @ +§§)3323 + @ +§§)1323 :(3)

2
% _ _522531771 51255773 +4uvy(4+ uV1)§2§3 + 4v3(4 + HV3)§152
2p 2, 2unnlPEals | 32unusli&als | 32u1ivsiEs
+ 8h&1&285 + GENDEE GENIEE (et ez
2
% _ 7522551771 51253772 +4vy(4+ uy1)§2§3 +4vy(4 + wjz)glfg
32MV1V3€1§2£3 32/““/21/3516353 32MV1V2£1§§§3
E+&rPr  (G+e)Yr (@ +a)

+ 8h&TESEs +

with Hamiltonian

24242 24242 2¢2¢2
_ URSTS + n561E3 + UESES

— 201 (4 4 g 6365 — 2wz (4 + pn) €165

411 4vy dv3
16p1a€7€363 16 vs€iE383
— 2u3(4 + s €765 — AhETESES — -
NEEY NGET
_ 16uars GG

NGE

and satisfies the energy relation K = 0; i.e., H = h.

We note that system (3) is analytic with respect to its variables except when
46 =0+ =0, +& =0and & + &2 +¢2 =0, which correspond to
the three quintuple collisions and to the total collision, respectively.

The regularization of the triple collisions allows us to look for periodic orbits
of the octahedral 7-body problem containing triple collisions. OQur aim is to find
periodic orbits of the octahedral 7-body problem (3) for u > 0 sufficiently small,
satisfying the energy relation K = 0. In fact, we look only for symmetric periodic
orbits which are easier to study than the general periodic orbits.
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3. Symmetries

It is easy to check that system (3) is invariant under the discrete symmetries

St (§1,62,83,m5m2,m3,8) — (€1,62, 83, =M1, —1M2, —13, —5)
Sy i (&1,62,83,m1,m2,m3,8) — (=1, &2, &3, M1, =12, =13, —5)
Szt (€1,82,85.m,m2,m3,8) — (&1, —&€2, &3, =M1, 2, — M3, =),
Syt (&1,82,&mum2,m3,8) — (&1, &2, =&, —m1, 12,13, =),
S5+ (§1,82,83,m1,m2,m3,8) — (&1, —&2, —E€3, —N1, 12,13, —$)
Se + (&1,62,&3,m1,m2,m3,8) — (=1, &2, —&3, 11, — 2,13, —5)
St ot (61,82, 85.m5m2,m3,8) — (&1, =62, &8, M1, 12, — M3, —5)
Sg t (§1,62,83,m1,m2,m3,8) — (=&1, —&2, —E€3, M1, M2, 713, —$) -

The invariance under these symmetries means that if ¢(s) = (£1(s),&a(s),
&(s),m(s),m2(s),n3(s)) is a solution of system (3), then also S;(¢(s)) is a solution
for i =1,...,8. An orbit ¢(s) is called S;-symmetric if S;(p(s)) = ¢(s).

Using the uniqueness theorem of a solution of an ordinary differential system,
if ¢(s) is such that 71(0) = n2(0) = n3(0) = 0, then ¢(s) is a Si-symmetric
solution. If in addition there exists 3 > 0 such that 7,(5) = 72(5) = n3(5) = 0
and 71(s), n2(s) and n3(s) are not simultaneously zero for all s € (0,3), then ¢(s)
is a Sp-symmetric periodic solution of period 25. Using similar arguments for the
other symmetries, we obtain the following proposition. Notice that system (3) is
autonomous, therefore the origin of time can be chosen arbitrarily.

Proposition 1. Let o(s) = (£1(s),&2(5),&3(s),n1(s),m2(s),m3(s)) be a solution
of (3).

(a) If m(s), n2(s) and n3(s) are zero at s = sg and at s = so + S/2 but they
are not simultaneously zero at any value of s € (s, So + S/2), then v(s) is a
S1-symmetric periodic solution of period S.

(b) If &1(s), m2(s) and ns(s) are zero at s = so and at s = sp + S/2 but they
are not simultaneously zero at any value of s € (g, So + S/2), then ©(s) is a
So-symmetric periodic solution of period S.

(¢) If &(s), m(s) and n3(s) are zero at s = so and at s = sg + S/2 but they
are not simultaneously zero at any value of s € (s, So + S/2), then v(s) is a
Ss-symmetric periodic solution of period S.

(d) If &(s), mi(s) and na2(s) are zero at s = so and at s = so + S/2 but they
are not simultaneously zero at any value of s € (s, So + S/2), then v(s) is a
Sy-symmetric periodic solution of period S.

Since in system (3) the quintuple collisions are not regularized, in our study
we must avoid the orbits of the octahedral 7-body problem which start or end at
quintuple collision; that is, we must avoid orbits such that either & (s) = & (s) =
0, or &1(s) = &(s) = 0, or &(s) = &3(s) = 0 for some s. For this reason the
symmetries S5, Sg, S7 and Sg are not considered.
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There could be periodic solutions of (3) that are symmetric exactly with
respect to two symmetries. These kinds of symmetric periodic solutions are char-
acterized in the following result.

Proposition 2. Let o(s) = (§1(s), &2(5),&5(s),m(s),m2(s),n3(s)) be a solution of
the octahedral T-body problem (3).

(a) The solution p(s) is a Sia-symmetric periodic solution of period S if and
only if m(so) = n2(s0) = n3(so) = 0 and & (so + S/4) = n2(s0 + 5/4) =
n3(so + S/4) = 0, and there is no s € (sg, so + S/4) satisfying that &(s) =
n2(s) = n3(s) = 0.

(b) The solution ¢(s) is a Siz-symmetric periodic solution of period S if and
only if m(so) = m2(s0) = n3(so) = 0 and &2(so + S/4) = m(so + 5/4) =
n3(so + S/4) = 0, and there is no s € (so, S0 + 5/4) satisfying that &(s) =
m(s) =n3(s) =0.

(¢) The solution @(s) is a Sia-symmetric periodic solution of period S if and
only if m(so) = m2(s0) = n3(s0) = 0 and &(so + 5/4) = m(so + 5/4) =
n2(so + S/4) = 0, and there is no s € (so, S0 + S/4) satisfying that &3(s) =
mi(s) = n2(s) = 0.

(d) The solution p(s) is a Saz-symmetric periodic solution of period S if and
only if &(s0) = n2(s0) = m3(s0) = 0 and &(so + 5/4) = m(so + 5/4) =
n3(so + S/4) = 0, and there is no s € (so, S0 + S/4) satisfying that &x(s) =
nmi(s) = n3(s) = 0.

(e) The solution ¢(s) is a Saq-symmetric periodic solution of period S if and
only if &1(s0) = n2(s0) = n3(s0) = 0 and &§3(s0 + S/4) = m(so + S/4) =
n2(so + S/4) = 0, and there is no s € (sg, so + S/4) satisfying that &3(s) =
mi(s) =n2(s) = 0.

(f) The solution ¢(s) is a Szq-symmetric periodic solution of period S if and
only if &2(s0) = m(s0) = n3(s0) = 0 and &3(so + S/4) = m(so + S/4) =
n2(so + S/4) = 0, and there is no s € (so, S0 + 5/4) satisfying that &3(s) =
n(s) =na2(s) = 0.

We note that in Proposition 2 we only give the conditions for the Sj;-
symmetric periodic solutions which satisfy the conditions of symmetry S; at time sq
and the conditions of symmetry S; at time so 4+ .S/4. Obviously if a solution satis-
fies the conditions of symmetry S; at time sp and the conditions of symmetry S;
at time so + S/4 it is also a S;;-symmetric periodic solution.

The next result shows that there are no symmetric periodic orbits that are
symmetric with respect to three or four symmetries.

Proposition 3. There are no periodic solutions of the octahedral T-body problem (3),
which are simultaneously symmetric by three or four symmetries.

Proof. Assume that o(s) is a S;-symmetric periodic solution of period S for i =
1,2,3. Then there exist times s1, s2 and s3 with s1, s, s3 € [0,.5/2) such that:

m(s1) =m2(s1) = 1ms(s1) =0, §1(s2) = ma(s2) = m3(s2) =0,
&2(s3) = m(s2) =n3(s3) = 0.
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We assume that s; = 0. This is not restrictive because system (3) is autonomous,
and consequently the origin of time can be chosen arbitrarily. Since the orbit is
in particular Sia-symmetric, from Proposition 2, so = S/4. Similarly, since it is
also Sy3-symmetric, again from Proposition 2, s5 = S/4. The fact that so = s3 is
a contradiction because &1(s2) = &2(s2) = 0 implies the existence of a quintuple
collision but, since this kind of collisions are not regularized, there are no periodic
orbits with such collisions. So we have proved that there are no Sj23-symmetric
periodic solutions. The other cases can be proved in a similar way. O

4. Symmetric periodic solutions for y = 0

For p = 0 system (3) becomes

@ _ méEs

ds 2

dés _ méfes

ds 29

dés _ ms&is

ds 2u3 ()
dm L& L&n3

s 232 2 22 2+ 16v 25153 + 16’/35152 + Shflfzfg )
dn &8t §i6mns
Ef:f%ifuf223+1®ﬁﬁy+w%&&+8%ﬁﬁy
dn &t Ei&sms

Us T o oy T 10nEG + 16mEie + 8hEEE

and the Hamiltonian K goes over to

+ 77345;52 —8v 16255 81/2§%§§ — 81/36%53 - 4h§%§§§§ :

The Hamiltonian H for p = 0 can be written as

H = Hi(x,p;) + Ha(y,py) + Hs(2,p-)

_ (P2 (P 2w (2
4y x 4v, Yy 4vs z )

We note that Hi(z,p.), H2(y,py) and Hs(z,p,) are three fist integrals of the
nonregularized problem, so they are constant along the solutions in the intervals
between two consecutive zeros of x, y and z respectively.

The flow of the octahedral 7-body problem on the energy level H = h for
some constant h is obtained from the flow of the Hamiltonian H;(x,p,) on the
energy level H; = hq, from the flow of the Hamiltonian H»(y,p,) on the energy
level Hy = hg, and from the flow of the Hamiltonian H5(z,p,) on the energy level
Hs = hg with h = hy + ha + hs.

«_ BEEG | Baa
41/1 41/2
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The Hamiltonian H;(z,p,) in the Levi-Civita coordinates (&;,7;) is given by
771-2 2v;

H; =

:hi7

fori=1,2,3.

Let (&1,&2,&3,m1,Mm2,m3) be a solution of (4) satisfying the energy relation
K=0 (i.e., H=h-= h1+h2+h3 with H1 = hl, H2 = hg and H3 = hd), we
define a new time variable o as follows

do . dt
i €262, or equivalently o= 42 (5)
The Hamiltonian K in the new time variable o can be written as
1
K ==K
£63
2 2 2
Ui 2 2 2 8y 2 UR 83
= — —8vy; —4h — — —4h — — —4h
oy S (g T ) o6 (g )
2
Ui

= —8u; —4h&].
V1

Then &7, 7 satisfy the system of differential equations associated to the Hamilton-
ian K

&y m dm

%:ﬂ, %:8h1§1» (6)
and the energy relation K; = 0.

We are only interested in periodic solutions of (6). Thus we must consider

only negative values of hy. Then, fixed hy < 0, system (6) can be integrated directly
and the solution (&1(o),n1(0)) of (6) with initial conditions

£(0) =€, m(0) =10 (1)
is
61(0) = £y cos(wr o) + 5 f;;l sin(uw, o) .

m (o) = niy cos(wy o) — 2wy11 &5 sin(wy o),

where w; = 24/—hq /1.

We note that (8) is a periodic solution of (6) with period @ = 27 /w;. Since
we are interested in the periodic solution (8) satisfying the energy relation K; = 0,
by (5), the period of (8) in the real time ¢ is given by

od v 3/2
Tl(hlyyl):/ 46%(0’)d0’=4ﬂ'<—h1> .
0

1

Now we introduce a new time 7 with

dr . dt
= £2¢2 . or equivalently = 42 . (9)



110 M. Corbera and J. Llibre Qual. Th.Dyn.Syst.

Then &3, 72 in the new time 7 are solutions of the Hamiltonian system

dés 2 dns
— =—, —— =8h 10
dr 2wy’ dr 282 (10)
with Hamiltonian
1 s
Ko=55K=—"=
g8 an
that satisfies de energy relation Ky = 0. Moreover, fixed hy < 0, the solution
(&2(T),m2(T)) of (10) with initial conditions

—8uy —4hy £,

§2(0) =&,  1m2(0) =039, (11)
is given by
& (1) = &y cos(wa T) + 72;7}220% sin(wg 7) , (12)

N2 (T) = 3y cos(wa T) — 2warally sin(wa T),
where wy = 24/ —ha/vs.
The solution (12) is periodic of period 7 = 27w /wy. Moreover, since (12)
satisfies the energy relation Ko = 0, by (9), the period of (12) in the real time ¢ is
given by

T 3/2
TQ(hg,ug)zf 4§§(T)dT:47T<—ZZ) .

0
Finally we introduce a new time v with
d dt
dis} =&2¢2,  or equivalently = 42 (13)
Then &3, in the new time v are solutions of the Hamiltonian system
dés 3 dns
=2 = 2 —8hy&s, 14
dv 23 dv 383 (14)
with Hamiltonian
1 3 2
K3: —— K = 7—8V3—4h3§ 5
£163 dvs s

that satisfies de energy relation K3 = 0. Moreover, fixed hy < 0, the solution
(&3(v),m3(v)) of (14) with initial conditions

§3(0) = &5, 13(0) =n39, (15)
is given by
&3(v) = &5 cos(ws v) + 23}2(;3 sin(ws v) , (16)

n3(v) = N5 cos(ws v) — 2wsvs&y, sin(wsv),

where w3 = 24/—h3/vs.
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TABLE 1. Period of ¢(s).

Time ¢t Time o | Time 7 | Time v Time s

T :pTl(hl,Vl)
=qTsy(ha,v2) | 0" =p
- €T3(h37y3)

*=Av | S*=3s(T)

Ql
\\'
I
Q
Rl
4
Il

T/4 o*/4 T*/4 v*/4 S*/4

The solution (16) is periodic of period T = 27 /ws. Moreover, since (16)
satisfies the energy relation K3 = 0, by (13), the period of (16) in the real time ¢

is given by
T ) Vs 3/2
Tg(hg,ug): 463(U)d’l}:4ﬂ' —hf .
0

Proposition 4. Let (&1(0),m (o)) be a periodic solution of (6), for a fized hy <
0, with initial conditions (7) and period T = 2w /wy that satisfies K1 = 0. Let
(&2(7),m2(T)) be the periodic solution of (10), for a fized he < 0, with initial
conditions (11) and period T = 2w /wy that satisfies Ko = 0. Let (&3(v),n3(v))
be the periodic solution of (14), for a fixed hg < 0, with initial conditions (15)
and period U = 2w /ws that satisfies K3 = 0. Assume that h = hy + ha + hg and
that o(s), 7(s), v(s) are given by (5), (9) and (13) respectively, where we choose
a(0) = 7(0) = v(0) = 0. Suppose that there is no s € R such that & (o(s)) =
£(7()) = 0, £1(0(5)) = E(v(s) = 0 and &(r(s)) = &(v(s)) = 0. Then the
following statements hold.

(a) ¢(s) = (§1(0(s)),&2(7(s)),&s(v(s)),m(0(s)), m2(7(s)), n3(v(s))) is a solution
of (4) with initial conditions &1 (0) = &5y, £2(0) = &30, &3(0) = &5y, m1(0) =
N0, M2(0) = 3o and n3(0) = 03, that satisfies K = 0.

(b) For some p,q,{ € N with greatest common divisor (g.c.d.) 1, let a = p*/3v; +
@?Pvy + 2Bus, hy = hp?*/Bvi /o, hg = hq?/Pvy/a and hs = he*/3vs/a. Then
©(s) is a periodic solution of (4).

(c) Assume that s(t) is given by the inverse function of the function t =
Iy 4€3(p)€3(p)€3(p) dp. Under the hypotheses of statement (b), the period and
the quarter of the period of the periodic solution p(s) using the different times
t, o, T, v and s is given in Table 1.

Proof. Statement (a) follows easily from the definitions of (&1(c), (o)), (&2(7),
12(7)) and (€3(v),n3(v)) together with the definitions of o(s), 7(s) and v(s).

We have seen that, in the time ¢, (£&1(0),m1(0)), (&2(7),n2(7)) and (£3(v),
n3(v)) are periodic solutions of periods Ty(hi,v1), Ta(ha,v2) and T3(hs,vs) re-
spectively. Thus, in order to have a periodic solution of (4) we need that

pTi(hi,v1) = qTa(he,ve) = L T3(hs3,v3),
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for some p,q,¢ € N with g.c.d. 1. Solving equation pTi(hi,v1) = €T3(hs,vs3)
with respect to hi, equation qTs(ha,v2) = ¢T3(hs,vs) with respect to he, and
finally equation h = hy + ho + h3 with respect to hs for the values of h; and ho
calculated previously, we get that hy = hp*/3vy /(p*/ 311 + ¢*/Pve 4+ £2/3v3), hy =
hq2/3u1/(p2/31/1 +q*/Bvy +€2/3V3) and hz = h€2/31/3/(p2/31/1 +q*/Bvy +€2/3V3). So,
statement (b) is proved.

Now we see that the time ¢ = T'/4 corresponds to the time 0 = ¢*/4. In a
similar way we can see that the time ¢t = T'/4 corresponds to the time 7 = 7*/4,
v=0v*/4 and s = S*/4.

We note that system (6) is invariant under symmetry (£1,11,0) — (—=&1,m1,
—0). This means that & (o) = —&1(—0). So (o) is an even function. On the
other hand, it is easy to see that £2(0) is a periodic function of period @/2. Then,
from (5), we have that

T /2 G /4
T :/0 4§§(a)da=2/o 4&3 (o) do :4/0 4&3 (o) do .

Moreover, it is clear that

5/4 5/2 Tl
/ 4¢3 (o) do = / 4¢3 (o) do = = .
0 5/4 4

Consequently

T

po /4 G /4
oty = [ agtioydr —p [ agto)dr =p7 = 1.

Therefore the time ¢ = T'/4 corresponds to ¢ = o*/4. The rest of statement (c)
follows in a similar way. O

We remark that the number p in Proposition 4 represents the number of triple
collisions between mg, m; and ms during a period, the number ¢ represents the
number of triple collisions between mg, ms and my, and the number ¢ represents
the number of triple collisions between mg, ms and mg .

We are interested in symmetric periodic solutions of (4) satisfying the energy
relation K = 0 with h = hy + ho + hs. In the next proposition we give initial
conditions for those symmetric periodic solutions.

Proposition 5. The following statements hold.
(a) Ifpis odd, and q and ¢ are even, then the solution ¢(s) given by Proposition 4

with initial conditions &g = \/—2v1/h1, &9 = \/—2v2/ha, &9 = \/—2v3/hs,
Mo = 0, 159 = 0 and 03y = 0; is a Si2-symmetric periodic solution.

(b) If q is odd, and p and £ are even, then the solution p(s) given by Proposition 4
with instial conditions £y = \/—2v1/h1, &g = \/—2va/ha, &5y = \/—2v3/hs3,
Mo = 0, M5 = 0 and 03, = 0; is a Si3-symmetric periodic solution.

(¢) If ¢ is odd, and p and q are even, then the solution ¢(s) given by Proposition 4

with ingtial conditions £y = \/—2v1/h1, &g = \/—2va/ha, &5y = \/—2v3/hs3,

Mo = 0, M50 = 0 and 03y = 0; is a S14-symmetric periodic solution.
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(d) If ¢ is even, and p and q are odd, then the solution v(s) given by Proposition 4
with initial conditions &5y = 0, &y = \/—2va/he, & = \/—2v3/hs, N5y =
4N2u1, Mo = 0 and 03y = 0; is a Saz-symmetric periodic solution.

(e) Ifq is even, and p and £ are odd, then the solution o(s) given by Proposition 4
with initial conditions &5y = 0, &y = \/—2va/he, &y = \/—2v3/hs, N7y =
4N2v1, nie = 0 and %y = 0; is a Seq-symmetric periodic solution.

(f) Ifp is even, and q and £ are odd, then the solution p(s) given by Proposition 4
with initial conditions &y = \/—2v1/h1, &y =0, & = /—2v3/hs, 17, =0,
M50 = 4210 and 15y = 0; is a Ss4-symmetric periodic solution.

(g) All symmetric periodic solutions of (4) are double symmetric periodic solu-
tions.

Proof. Assume that ¢(s) is a Si-symmetric periodic solution of (4) satisfying
the energy relation K = 0. By Proposition 1(a), ¢(s) has initial conditions
m(0) = 0, 72(0) = 0 and n3(0) = 0. Moreover, the initial conditions must ver-
ify the energy relation K = 0; that is they must verify equations K; = 0 for
i = 1,2,3. Then &(0) = y/—2v;/h; for i = 1,2,3. Notice that we have only
considered the positive determination in the squareroot due to the fact that
the Levi-Civita transformation duplicates the orbits. We evaluate the solution
2(5) = (€1(0(5)), Ea(7(5)), €3(0(5)), 1 (7(5)), 12 (7(5)), ma(0(5)) at time s = §* /4.
We note that by Table 1, we have that ¢(S*/4) = (&1(p7/4),£2(qT/4),&3(0T/4),
m(pc/4),n2(q7/4),m3(£T/4)). After some computations using the explicit solu-
tions (8), (12) and (16) we see that if p is odd and ¢ and ¢ are even, then
£1(S*/4) = na(S*/4) = n3(S*/4) = 0, so (s) is a Sig-symmetric periodic so-
lution. If ¢ is odd and p and £ are even, then & (S*/4) = n1(S*/4) = n3(S*/4) =0,
so ¢(s) is a Sis-symmetric periodic solution. If ¢ is odd and p and ¢ are even,
then &3(S*/4) = 1 (S*/4) = n2(S*/4) = 0, so ¢(s) is a Sis-symmetric periodic
solution. If p is even and ¢ and ¢ are odd, then & (S*/4) = £3(5*/4) = 0. If ¢ is
even and p and ¢ are odd, then & (S*/4) = &3(S*/4) = 0. If £ is even and p and
q are odd, then & (5*/4) = &(S5*/4) = 0. The last three cases are not considered
because they correspond to quintuple collision orbits. Finally if p, ¢ and £ are odd,
then & (S5*/4) = £(5*/4) = &3(5*/4) = 0. This case is not considered because it
corresponds to a total collision orbit. This completes the proof of statements (a),
(b) and (c).

Doing similar arguments for S;-symmetric periodic solutions for i = 2,3,4
we can prove the remaining statements (d), (e) and (f). Finally from the proofs of
all statements (a)—(f) if follows statement (g). O

5. Continuation of symmetric periodic solutions

In this section using the continuation method of Poincaré (see for instance [8]) we
shall continue the symmetric periodic orbits of the octahedral 7-body problem (3)
from p = 0 to symmetric periodic orbits of (3) for p > 0 sufficiently small.
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5.1. The S;2-symmetric periodic solutions

We denote by ¢(s;&10,£20,830,0,0,0, 1) = (§1(5; 10, 205 €30, 1), §2(53 €105 €205 €305

M)? 63(3; 510) 6207 5307 /1/)7 m (87 6107 6207 5307 ,U/)7 772(8; 6107 5207 5307 /1')7 773(‘9’ 6107 5207
&30, 1)) the solution of (3), for fixed values of 11 > 0, 2 > 0, v3 > 0 and h < 0, with

initial conditions §1 (0) = 610, 62(0) = 520, 53(0) = 530, m (0) = 0, 772(0) = 0 and
n3(0) = 0. From Proposition 2(a), ©(s;&10,&20,&30,0,0,0, 1) is a Sie-symmetric
periodic solution of the octahedral 7-body problem with period S satisfying the
energy relation K = 0 if and only if

£1(S/4; €10, €20, &30, 1) = 0, n2(S/4; €10, €205 &30, 1) = 0,
n3(S/4; €10, €205 &30, 1) = 0, K (10,20, 830, 11) = 0.

We solve equation K (&10,&20,&30, ) = 0 with respect to the variable &30
obtaining in this way &30 = €30 = £30(&10, €20, 1¢). In particular,

&30(&10,&20,0) = \/%510520/\/—21/25%0 — 21183y — h&3&3, -

So ¢(s; €10, €20, 53:), 0,0,0, i) is a Sya-symmetric periodic solution of the octahedral
7-body problem with period S satisfying the energy relation K = 0 if and only if

§1(5/4;&10,&20,) =0, n2(5/4;&10,&20, ) =0, 73(5/45 €10, 20, 1) = 0. (17)
Notice that we have omitted the dependence with respect to &30, which is given
by the function &30(&10, £20, 1)

Assume that p = 2p; — 1, ¢ = 2¢; and ¢ = 2¢; for some p1,q1,¢1 € N.
Assume that hi = hp*/3vi/a, hi = hq*/?vi /o and hi = W?/3u3/a, where a =
p?/3vy + ¢*3vy + £2/3v5. By Propositions 4 and 5(a), we see that S = S*
S(pTu(h}) = s(aTa(h)) = s(ET3(h3), €10 = &1 = v/~ JhT and &g = €5 =
\/—2v2/h}% is a solution of (17) for ;= 0. This solution correspond to the known
Si2-symmetric periodic solution ¢(s; &y, &30, &30, 0,0,0, 1) of (3), for u = 0 where
&30 = v/ —2v3/hj. Our aim is to continue this solution of (17) from p = 0to x>0
sufficiently small.

Applying the Implicit Function Theorem to system (17) in a neighborhood
of the known solution we have that if
ds  0&0 00
Oz Oz Omp
O0s  0&o 00
Iz g Ons e,
Js 0&10 02 €10 = €30

£20 = €59
p=0

£0, (18)

then we can find unique analytic functions 19 = £10(), £20 = &o0(p) and S = S(p)
defined for p > 0 sufficiently small such that
(i) &10(0) = &, €20(0) = &5, S(0) = 5™,
(i1) @(s;&10(), &20(),&30,0,0,0, 1) is a Sio-symmetric periodic solution of (3)
with period S = S(u) that satisfies the energy relation K = 0.
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The derivatives 9¢1/0s, Onz/0s and Ons/Js evaluated at s = S* /4, &19 = &5y,
€20 = &5y and p = 0 can be obtained evaluating the right hand side of system (3)
with = 0 (i.e., system (4)) on the solution ¢(s;&5,, 50, &50,0,0,0,0) with s =
S5*/4. Then after some computations we get

% w88 _8/A-)ra?
Os | oS T o | Sl T Twengn 70
&20 = €39 §20 = &3¢
p=0 nw=0
and
on _ O3 _0
| s=s5/4a = 7| s=s5*4 =0.
s | eo=cj, 95| cio=¢j,
€20 = &59 €20 = &59
n=0 p=0
It only remains to compute the value of the determinant
8172 (9?72
0810 0% (19)
Ons s |,
0o 0&yp || &0=¢0
€20 = 520
n =0

The value of On2/0&10 evaluated at s = S*/4, 10 = &, 20 = &30, £ =0'is
given by the derivative of the component 72 (7(s); 10, £20, €30(£105 £20,0), 0, 0,0, 0)
of the solution of (4) with respect to &10. Recall that we only consider solutions
of (4) satisfying the energy relation K = 0. Since 7(s) depends on the initial
condition &9 we have that

O . _ (6772 or Onz | Ona 8530) L (20)
5 = 4 - _— s = 4 )

8510 10 = 5&0 or 8510 8510 8630 8510 €10 = 5/10
£20 B €20 €20 6 €30
n= B=

where 912/0€1¢ denotes the partial of 7 with respect to the second component.
From (5), (9) and (13) we have that the times o, 7 and v are related by the
following equations

(o) do =& (r)dr, &(o)do =& (v)dv, &(r)dr =& (v)dv
Integrating these three equations over the solutions (8), (12), and (16) with initial
(

conditions &1(0) = &10, §2(0) = &20, &30 = &30, Mm(0) = 72(0) = n3(0) = 0 and
assuming that ¢(0) = 7(0) = v(0) = 0, we have that o(s), 7(s) and v(s) are
related by the system of equations
7(s) sm 27' B
520 ( 2 -
(

€ (0(25) sin( 20

) -
@ (0(28) . sin 20 ) @ (U; sin( 21) ) _ a1)
) (

(2 (2
e (7(2) sin(27( e (U; sin(2v( )
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where &30 = /203810620//—212&3) — 211E3, — h&3€3, and
wy =2v/—hi/v1, with hy = —2u,/&%,,
Wo = 2 7h2/l/2 y with hQ = 721/2/530 5 (22)

’U)3:2\/—h3/V3, with h3:h—h1—h2.
The last conditions come from the fact that we only consider solutions of (4)
satisfying the energy relation K = 0.

Derivating the three equations of (21) with respect to €19 we obtain a linear
system of equations with 0o /0&1, O7/0&10 and dv/0&1¢ as unknowns. With the
help of Mathematica we solve this system with respect to the variables 97/9¢10
and dv/0¢1p and we evaluate the solution at s = S*/4, &9 = &y and &0 = &5
After hard simplifications we obtain

or 3mpl/3¢2/3 ov 7(pvy + 302/3p13u3)
v s=S8*/4 = v s=S8*/4 = .
010 &y 2 2 8v2 01| &g 2t 8v/2v;3
20 s €30 €20 S £30
u= =

The derivative dna/01 evaluated at s = S*/4, &10 = &y, 20 = &5, 0 = 0 can
be obtained evaluating the right hand side of the second equation of (10) at the

solution (12) with ho = h3, 7 = q27/(dws), we = 2+/—h}/va, &0 = &, and
720 = 0. After some simplifications we get

[—h
s=S*/4 :8(_1)q1+1\/§y2q1/3 —
€10 = &0 o

‘5201520
n=0

oz
or

Finally, since the second equation of (12) does not depend on &9 and €39, we have
that

on _ O —0
—| s=5*74 = F—| s=s*4 =0.
0| er0=6,  0830| &0 =é3,
€20 = €39 £20 = &3¢
n=0 p=0
So (20) becomes
o2 —h
37 s=8%/4 = (_1)q1 1) 37Tp1/3q -
510 £10 = £ &
€20 = €59
p=20

We compute the values of 9n9/0&20, Ons/010 and Ons/0 in a similar
way and after several simplifications we see that the value of determinant (19) is
9(—1) 0 72uyhp!/3¢*/3¢1/3 . Therefore (18) is different form zero. In particular,
(18) becomes —72(—1)Prta+b/272p1/3¢2/31502 /(R€'/?). In short, we have proved
the following result.

Theorem 6. Given vy > 0, v > 0, v3 > 0, h < 0, p an odd positive integer
and q and £ even positive integers, the Sia-symmetric periodic solution of the
octahedral T-body problem (3) for u = 0 with initial conditions £1(0) = \/—2v1 /h%,
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§(0) = /=212/h3, £3(0) = /—2v3/h3, m(0) = 0, 72(0) = 0 and n3(0) = 0,
can be continued to a p-parameter family of Sia-symmetric periodic orbits of the
octahedral T-body problem (3) for u > 0 sufficiently small. Here hi = hp*/?v; /a,
hs = hq*Pvy [ and b = h?Bus/a where a = p*/3vy + ¢?Bvy + 0283,

5.2. The S;3-symmetric periodic solutions

We consider the Sjs-symmetric periodic solution ¢(s; &3y, &5, €305 0,0,0, i) of (3)
for 4 = 0 with period S = S* = s(pTi(h})) = s(qTa(h})) = s(£T3(h})). Here
§lo = V20 /h7, &y = /—2e/hl, &y = /—2v3/h3, p = 2p1, ¢ = 21 — 1,
¢ = 20; for some pi,qi,¢1 € N, and finally hi = hp?/3vy /o, b = hg*/ 311 /a
and hi = h£2/31/3/a where a = p?/3uy + ¢*/3vy + (2/303, see Propositions 4
and 5(b). Now we proceed as in Subsection 5.1 and we obtain that the solution
0(8;€50, €50+ €30, 0,0,0, 1) can be continued to a family of Sq3-symmetric periodic
solutions o(s;&10(p), €20(1),€30,0,0,0, p) of (3) for u > 0 with period S = S(u)
that satisfies the energy relation K = 0 because

68 6&10 8&20
om Om  Om TP 0t a2 /313y, 2 .
s 0&o O - RE 70
% % % s=S5%/4
O o O [ sl

u=0

Hence the following result is proved.

Theorem 7. Given v1 > 0, v > 0, v3 > 0, h < 0, g an odd positive integer
and p and { even positive integers, the Siz-symmetric periodic solution of the
octahedral 7T-body problem (3) for pn = 0 with initial conditions & (0) = \/—2v1/h7,
§(0) = /=2v2/h3, £(0) = /—2v3/h3, m(0) = 0, 72(0) = 0 and n3(0) = 0,
can be continued to a p-parameter family of Si3-symmetric periodic orbits of the
octahedral T-body problem (3) for p > 0 sufficiently small. Here hi = hp*/?v; /a,
hi = hg?®Pvy [ and by = h?Bus/a where a = p*/3vy + ¢*Pvy 4 02/8vs3.

5.3. The Sy4-symmetric periodic solutions

We consider the Sy4-symmetric periodic solution ¢(s; &5y, €59, €505 0,0, 0, 1) of (3)
for 4 = 0 with period S = S* = s(pT1(h})) = s(qTa(hb)) = s(£T5(h%)). Here
§lo = v 2vi/hy, & = /=2w/h;, & = /—2v3/h3, p = 2p1, ¢ = 2q1,
¢ =20y — 1 for some p1,q1,¢ € N, and finally hi = hp*/3vi /o, by = hg*/3v1/a
and hi = hl*3u3/a where o = p*/3uvy + ¢*/3vy + (2/3u3, see Propositions 4
and 5(c). Now we proceed as in Subsection 5.1 and we obtain that the solution
©(8; €505 €505 €505 0,0,0, 1) can be continued to a family of Si4-symmetric periodic

solutions go(s;flo(u),fgo(u),&:,0,0,0,u) of (3) for p > 0 with period S = S(u)
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that satisfies the energy relation K = 0 because

0 06 0%
O0s  0&o 00

% om  Om B _72(—1)1’1*‘71“31\/§7r2p2/3q2/31/w2a2 40
ds 6610 8620 N 62/3}”/3 '
on on om |

0s 0&10  0&20 £10 = &0

€20 = €39
n=0

Hence the following result is proved.

Theorem 8. Given v; > 0, o > 0, v3 > 0, h < 0, £ an odd positive integer
and p and q even positive integers, the Si4-symmetric periodic solution of the
octahedral T-body problem (3) for u = 0 with initial conditions &1(0) = \/—2v1 /h%,
£(0) = /=212/h3, £3(0) = /—2v3/h3, m(0) = 0, 72(0) = 0 and n3(0) = 0,
can be continued to a p-parameter family of S14-symmetric periodic orbits of the
octahedral 7-body problem (3) for u > 0 sufficiently small. Here hi = hp2/3u1/a,
hs = hq?Pvy Ja and b = h?Bus/a where a = p*/3vy + ¢*Puy + 02/8vs3.

5.4. The Ss3-symmetric periodic solutions

We denote by ¢(s;0, 820,830,110, 0,0, 1) = (€1(8; €205 €305 1105 1) E2(55 €205 €305 M0

M)» 53(83520a€30777107/~0)a 771(&520;530777107#)’ 772(*9;620553077710),”)7 773(&520; 6307
Mo, 1)) the solution of (3), for fixed values of 1 > 0, v > 0, v3 > 0 and

h < 0, with initial conditions & (0) = 0, £&(0) = &20, &3(0) = &z0, 71(0) = Mo,
72(0) = 0 and 7n3(0) = 0. From Proposition 2(d), ¢(s;0,&20, &30, 710,0,0, 1) is a
Sos-symmetric periodic solution of the octahedral 7-body problem with period S
satisfying the energy relation K = 0 if and only if

£2(5/4; €20, &30, Mo, 1) =0, m.(S/4; €20, €30, 10, 1) = 0,
n3(S/4; £20, 30, M0, 1) = 0, K (€20, &30, M0, 1) = 0.
We solve equation K (29, &30,M10, ) = 0 with respect the variable 719 ob-

taining in this way
Mo = Mo = 2V2u /A + pvy . (23)

So (s;0, &20, €30, 10, 0, 0, 1) is a Saz-symmetric periodic solution of the octahedral
7-body problem with period S satisfying the energy relation K = 0 if and only if

§2(5/4; 620,830, 1) = 0, 11(S/4; 20,830, ) =0, 13(S/4; 20,830, 10) = 0. (24)
Notice that we have omitted the dependence with respect to 119, which is given
by (23).

Assume that p = 2p;—1, ¢ = 2¢;—1 and ¢ = 2¢; for some p1, q1, 41 €N. Assume
that i = hp?/®vi/a, hi = hg*/?v1 /o and bl = he?/3v3/a where a = p?/3v; +
q?/3vy + £?/3v3. By Propositions 4 and 5(d), we see that S = S* = s(pTi(h})) =

s(gTa(h%)) = s(€T5(h3)), €20 = &59 = v/ —2v2/h} and &30 = €5, = \/—2v3/hj is a
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solution of (24) for g = 0. This solution correspond to the known Ssz-symmetric
periodic solution ¢(s;0, &5, E3os 1505 0,0, 1) of (3), for u = 0 where 0}, = 4v/2v;.
Our aim is to continue this solution of (24) from p = 0 to u > 0 sufficiently small.

We proceed as in Subsection 5.1. Then applying the Implicit Function The-
orem to system (24) in a neighborhood of the known solution and after doing the
corresponding computations we see that

ds  0&0 030

om  Om Om T2yt 21 /302 302
s 0y O - pl/3h )
% % % s=5%/4

ds  0&qg 030 €20 = 39

530 = 530

nw=0
which is different from zero. Then we can find unique analytic functions &3y =
Ea0(1), &30 = &30(1), and S = S(p) defined for p > 0 sufficiently small, such that

(1) 520(0) = 5507 530(0) = @oa S(O) =5 )

(i) ©(s;0,&20(k), &s0(1), M10,0,0, 1), where n1g is given by (23), is a Sa3-sym-
metric periodic solution of (3) with period S = S(u) that satisfies the energy
relation K = 0.

This proves the following result.

Theorem 9. Given v1 >0, v, >0, v3 >0, h <0, £ an even positive integer and p
and q odd positive integers, the Soz-symmetric periodic solution of the octahedral
T-body problem (3) for p = 0 with initial conditions &(0) = 0, £&2(0) = /—2va/h,
&(0) = /—2v3/h%, m(0) = 43211, 72(0) = 0 and 13(0) = 0, can be continued
to a p-parameter family of Soz-symmetric periodic orbits of the octahedral T-body
problem (3) for u > 0 sufficiently small. Here hi = hp*/3vi/a, hi = hg*/3v1/a
and hi = hﬁz/gyg/a where o = p?/3v1 + ¢*Pvy + (2305,

5.5. The S34-symmetric periodic solutions

We consider the Sa4-symmetric periodic solution ¢(s;0, &3, &5, 170, 0,0, 1) of (3)
for 4 = 0 with period S = S* = s(pTi(h})) = s(qTa(hb)) = s(£T5(h%)). Here
&o = V/—2wa/h3, & = /—2ws/hi, nip = 42, p = 2p1 — 1, ¢ = 2qu,
¢ = 2¢; — 1 for some p1,q1,¢ € N, and finally ht = hp*/3vi /o, by = hg*/3v1/a
and hi = hl*Pug/a where o = p*/3uvy + ¢*/3vy + (2/3v3, see Propositions 4
and 5(e). Now we proceed as in Subsection 5.4 and we obtain that the solution
©(8;0,&50, €30, M50, 0,0, 1) can be continued to a family of Sas-symmetric periodic
solutions ¢(s;0,&20(), &30(1), M0, 0,0, 1) of (3) for > 0 with period S = S(u)
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that satisfies the energy relation K = 0 because

ds  0&o 030

on  Om Om _ 72(_1)p1+q1+€1\/§7r2q2/3£1/3y2a2 .
s @ @ B pL/3h #0.
% % % s=85%/4

Os 080 080 || &20=5

€30 = &30
p=0

Hence the following result is proved.

Theorem 10. Givenv; >0, v2 > 0, v3 > 0, h <0, g an even positive integer and p
and ¢ odd positive integers, the Soyq-symmetric periodic solution of the octahedral
7-body problem (3) for p = 0 with initial conditions £&1(0) = 0, £&2(0) = \/—2v2/h3,
&(0) = /—2v3/h%, m1(0) = 4211, 72(0) = 0 and 13(0) = 0, can be continued
to a p-parameter family of Soq-symmetric periodic orbits of the octahedral 7-body
problem (3) for u > 0 sufficiently small. Here hi = hp*/3vi /o, hi = hg*/3vi/a
and b = h*/3us /o where o = p*/3vy + ¢*Pvy + (2303,

5.6. The S34-symmetric periodic solutions

We denote by ¢(s;£10,0,&30,0,720,0, 1) = (§1(55 €105 €305 1205 1), £2(55 €105 305 1205

1), €3(85€105 €30, M205 1), M1(85 €10, €305 1205 1), M2(55 €10, €305 1205 14)5 N3(85&10, €30,
720, 1)) the solution of (3), for fixed values of 4 > 0,2 > 0, v3 > 0 and h < 0, with

initial conditions & (0) = &0, £2(0) = 0, &(0) = &30, m1(0) = 0, 72(0) = 720 and
n3(0) = 0. From Proposition 2(f), ¢(s;&10,0,&30,0,720,0, 1) is a Sss-symmetric
periodic solution of the octahedral 7-body problem with period S satisfying the
energy relation K = 0 if and only if

€3(5/4; €10, €305 m20, 1) = 0, m1(S/4; €10, €30, 20, 11) = 0,
1m2(5/4; €10, €30, 120, 1) = 0, K(&105 8305720, 1) = 0.

We solve equation K (&19,&30,720, ) = 0 with respect the variable 759 ob-

taining in this way
120 27756 = 2\/51/2\/44—/11/2. (25)

So (s;&10,0, &30, 0, 720, 0, 1) is a S34-symmetric periodic solution of the octahedral
7-body problem with period S satisfying the energy relation K = 0 if and only if

&3(S/4:610,&30, 1) =0, M (S/4:&10,&30, 1) =0,  12(S5/4; 10,30, 1) = 0. (26)

Notice that we have omitted the dependence with respect to 729, which is given
by (25).

Assume that p = 2p1, ¢ = 2¢1—1 and £ = 2¢;—1 for some p1, q1,¢1 €N. Assume
that i = hp?/®vi/a, hi = hg*/?v1 /o and bl = he?/3v3/a where a = p?/3v; +
q?/3vy + £?/3v3. By Propositions 4 and 5(f), we see that S = S* = s(pTi(h})) =
s(qTa(h3)) = s(¢T5(h3)), &0 = &g = /—2v1/h7 and &30 = &5y = /—2v3/h3 is a

solution of (26) for u = 0. This solution correspond to the known Ss4-symmetric
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periodic solution ¢(s; &5, 0, &30, 0,150, 0, 1) of (3), for u = 0 where 73, = 4v/2vs.
Our aim is to continue this solution of (26) from y = 0 to p > 0 sufficiently small.

We proceed as in Subsection 5.1. Then applying the Implicit Function The-
orem to system (26) in a neighborhood of the known solution and after doing the
corresponding computations we see that

08 0% 0%
ds  0&o 0830
Om Om Om o 72(—1)Prtarth [Ba2p2/301/3 ), o2
ds  0&o 0O&30 B q'3h )
O Omy O |
ds  0&o 0o || &10=¢lo

530 3 530

=

Then we can find unique analytic functions &9 = &10(p), &30 = E30(p), and S =
S(p) defined for p > 0 sufficiently small, such that

(i) €10(0) = &fo, £30(0) = &30, S(0) = 5*

(11) SD(S;Elo(u)’()’ggo(u)’()’?%’O’ILL)’ where 772/0 is given by (25)a is a 534_Sym'
metric periodic solution of (3) with period S = S(u) that satisfies the energy
relation K = 0.

This proves the following result.

Theorem 11. Given vy >0, v9 >0, v3 > 0, h < 0, p an even positive integer and q
and ¢ odd positive integers, the Ss34-symmetric periodic solution of the octahedral
7-body problem (3) for p = 0 with initial conditions &(0) = \/—2v1/h}, &2(0) =0,
£3(0) = v/—2v3/h3, 71(0) = 0, 72(0) = 4v/2v5 and n3(0) = 0, can be continued
to a p-parameter family of Ssq-symmetric periodic orbits of the octahedral 7-body
problem (3) for u > 0 sufficiently small. Here hi = hp*/3v1/a, hi = hg*/*v1 /o
and hj = h€2/31/3/a where o = p?/3v1 + ¢*Pvy + 23y,
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