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Abstract In this paper we prove the existence of central configurations of the pn-
body problem where the masses are at the vertices of p nested regular n-gons with a
common center for all p > 2 and n > 2. In such configurations all the masses on the
same n-gon are equal, but masses on different n-gons could be different.
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1 Introduction
We consider the planar N-body problem
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where q; € R? is the position vector of the punctual mass 2 in an inertial coordinate
system, and G is the gravitational constant which can be taken equal to one by choosing
conveniently the unit of time. By fixing the center of mass Z,ivzl my qi/ Z,ivzl my of
the system at the origin of R*" , the configuration space of the planar N -body problem
is

N
E= [(ql,...,qN) RN > miqr =0, @ #4q;, fOYk#j}-
k=1

Given my, ..., my a configuration (qi, ..., qy) € & is central if there exists a
positive constant A such that

Gg«r=-rqx, k=1,...,N.

Thus a central configuration (qi, ..., qn) € &€ of the N-body problem with positive
masses mj, ..., my is a solution of the system of equations
N

D

q|3—xq,, i=1,...,N, (1.1)
J

for some A. System (1.1) can be written as dU /dq + Ld1/dq = 0 where

N
m;m; 1
i=1

l<i<j<N l9; — q;

are the potential and the moment of inertia of the problem, respectively. Then by the
Euler’s Theorem on homogeneous functions (see for instance [6]), any real solution
of (1.1) will necessarily have A > 0 because A = U/(21]).

The simplest known planar central configuration of the N-body problem for N > 2
is obtained by taking N equal masses at the vertices of a regular N-gon. We cannot
find in the literature who was the first in knowing such planar central configurations.
It is also known the existence of planar central configurations for the pn-body prob-
lem with p = 2 where the masses are at the vertices of two nested homothetic regular
n-gons with a common center. In such configurations all the masses on the same n-gon
are equal but masses on different n-gons could be different. It seems that the first in
studying these nested planar central configurations was Longley [3] in 1907, later on
in 1927 and 1929 Bilimovithc (see [1]) and in 1967 Klemplerer [2] also studied them.
More recently they have been also studied by Moeckel and Simé in [5] and by Zhang,
Xie and Zhou in [7,8]. For p = 3 and p = 4 some results on p nested regular N-gons
central configurations are given by Llibre and Melo in [4].

In this paper we shall prove the following result.

Theorem 1.1 Forall p > 2 andn > 2 there exist planar central configurations of the
pn-body problem where the masses are located at the vertices of p nested homothetic
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regular n-gons with a common center. In such configurations the masses on the same
n-gon are equal, but masses on different n-gons could be different.

2 Equations for the Nested n-gons Central Configurations

Given p, n € Nwith p, n > 2, we consider pn masses at the vertices of p nested homo-
thetic regular n-gons with a common center. In order to simplify our computations we
write the positions q; € R? of the vertices of the regular n-gons as points of the com-
plex plane. Let m—1)n+x = e and let qe—1)ntx = 7¢ el with oy = 27w (k — 1)/n

forall £ = 1,...,pand k = 1,...,n. That is, we assume that the masses on the
£-th nested n-gon are equal to ¢ and that the vertices of the {-th nested n-gon are
qr =reet** forallk =1,...,nwithrg <rgyqforalll =1,...,p— 1.

Using this notation the pn Eq. (1.1) become

- ri el — pp i ry el — py el®
E 1231 - — E [7%) -

e —reip? |y el —ry '3
I:

J#k

n ioy ioj

rye —rpe :

-+ E p : P — %
‘ ry el —r, e'®i|3

n ) eiak _ eiaj N n ) eiak -1 eiaj
E 231 - o E Hn2 - o
o ne®—n e |y ei% — ry ' |3
= j=
j#k
n iag ia;
ry et —r, et ;
~+§Mp . p~_3=)\rze’“k
— |rp e’ —rpe'®i|
rp el —ry el rp el —ry el
E 1 : E w2
rp €% —rpel®i|3 4 |rp el — 1y el |3
n ik i
rpe —r,e i
-+ Kp T ia‘3_)‘r1’€
Py |rp e —rpe'®i|
J#Fk
for k = 1,...,n. By using the symmetry of the configuration, this system of pn

equations can be reduced to an equivalent system with only p independent equations.
Indeed, by dividing each equation of the system by ¢'*, we get

E; =0, E»=0, ... E,=0, 2.1)
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where
E 2oy 1 —ef@i—en N - ry —ry el @)
S B
o et =P el —rp el
j#k
+Zn: s LI
: Mp - IV — AT,
iog _ ioj|3
= |r1 e rpe'i|
E - ry —ry el @i~ N " 75) 1 — ef(ej—a)
)= Zm : - Z S
. |ry el — pp @3 4 r22 lefk — i) |3
=1 j=1
J#k
MP - w13 — AT,
- |rp e'% — 1), e/
Z - ei(ot_/—otk) —ne i(Ol_,'—Olk)
S . zm
Er |r el —rpe'%i|3 { lrp el — 1y e |3
n i(oj—oy)
wyl — e'%
+-F Z —5*—)&'}7,
r2 leiox — % |3
j=1""°
J#k
fork =1, ..., n. After some simplifications we get
"1 = i) 1 n—l1
= _ = - csc(mj/n),
:3 Z |emk _elolj|3 42 ( ]/ )
ji=1 Jj=1
J#k
and

n

. "or re el (@) Z Tm — rgcos(2mj/n)

m,f = E ’

’ ;|3 2 2 4 3/2
P |r ezak —ry el J | o (r =+ rZ 2rmr( COS(Z]T]/H)) /

where m # £. We note that if m > ¢, then r,,, > r¢, and consequently ¢, ¢ > 0 for all
m > {. Moreover

1

lim cpm_1 = + lim —— =+09, 2.2)
m—=>T, " ry%l_] rm—>";7—71 (rm _rm—1)2
and
lim c¢pme =0, 2.3)

Im—>+00

forallm > €.
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Without loss of generality we can take the unit of mass and length so that u; = 1
and 1 = 1, respectively. Then system (2.1) can be written as a linear system of equa-

tions in the variables A and pu; fori = 2, ..., p of the form Ax = b which is given
by
-1 c2 casz ... Cl,p A -B
—r /3/1’22 €3 ... Cp "o —c2.1
—r3 32 ﬂ/l‘%2 S C3p ws | = | =1 | 2.4)
—Trp Cp2 Cp3 ... ,B/rf, Ly —Cp

3 Two Nested n-gons

For p = 2 it is known that for every u; there exists a unique ratio r, for which the
configuration of two nested n-gons is central, see for instance [5]. More precisely, for
p = 2 system (2.4) becomes

—A+ciap2=—5,

3.1

—rh+ B/rypa = —c21.
Isolating A of the first equation of system (3.1) and substituting it into the second one
we get

h(u2, r2) = (B/r3 — rac12)pa —r2 B+ c21 = 0.

Taking © = 1/uz and x = 1/r7, this equation is equivalent to equation h(z) = 0,
where

d
hw) = (2= 25) B+ reg@ +a +ux2>£,

and
— S ] = S 1
¢(x) = ; 7 - ; (14 22 —2xcos(2mj/n))1/2"

J

Notice that the expression of &(x) obtained here coincides with the expression of
h(x) defined on page 983 in [5]. In [5] the authors proved that lim,_, o+ h(x) = —o0,
lim,_, - h(x) = +00, and that A (z) is an increasing function of z for all 0 < x < 1.
Therefore for each 1 > 0 there exists a unique 0 < x, < 1 such that A(x,) = 0.
Moreover the function x,, (u) is injective because d x,, /d ;© > 0 (see again [5]).

We remark that the increasing character of 4 (x) follows from the following lemma.
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Lemma 3.1 Let ¢(x) = Z;le 1/dj. Then, for 0 < v < 1, ¢(x) and all of its
derivatives are positive.

Proof See Lemma 2 of [5].

In the initial Variables 1o and o, we have that for each uy > 0 there exists a unique
ro(u2) > 1 such that h(ua, r2(u2)) = 0; thatis, for each o > 0 there exists a unique
r2(u2) > 1 satisfying (3.1). Since ¢2,1 > 0 and o > 0, from the second equation of
(3.1) we have that A > 0. Therefore this solution gives a central configuration of two
nested n-gons. On the other hand r;(w2) is an injective function, so fixed a value of
ro > 1, (3.1) has a unique solution with A > 0 and o > O.

4 p-Nested n-gons for All p > 2

In order to prove Theorem 1.1 we claim that there exist 1 <7, <73 <--- <rp such
that system (2.4) has a unique solution A = A(r2, ..., 7p), ux = ux(r2, ..., rp) for
k=2,..., psatisfying that > > 0 and p > 0.

In Sect. 3 we have seen that the claim is true for p = 2. Next we prove the claim
by induction. That is, we assume that the claim is true for p — 1 n-gons and we shall
prove it for p n-gons.

Assume by induction hypothesis that 1 < 7 < 73 < --- < ¥,_1 are such that
system (2.4) with p — 1 instead of p has a unique solution r = A, ... S Tp—1)s
g = pg(ra, ..., 7p—1) fork =2, ..., p — 1 satistying that A > 0 and i > 0.

We need the next result.

Lemma 4.1 There exists 7, > 7,1 such that & = A(Fa, . .. JTp—1), ik = k(2 ...,
Tp—1) fork=2,...,p—1land i, =0 is a solution of (2.4).

Proof Since 1), is taken equal to 0, we have that the first p — 1 Eq. of (2.4) are
satisfied when A = A, ux = g fork =2,..., p —1and u, = £, = 0. Moreover,
substituting this solution into the last Eq. of (2.4), we get equation

f(rp) = _rpx+cp,2/j2 + -t epp-i ﬁp—l +cp1=0.
Using (2.2) and (2.3) with m = p we have that

lim (r,) = 400, and lim (rp,) = —00,
r,,%?,f_l ey rp—>+0o0 1o

respectively. Moreover f(r,) is continuous in r, € (¥,_1, +00). Therefore there
exists at least a value r, =7, > 7,,_ satisfying equation f(r,) = 0. This completes
the proof of Lemma 4.1. O

By using the Implicit Function Theorem we shall prove that the solution of (2.4)
given in Lemma 4.1 can be continued to a solution with jz,, > 0.
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Lets = (A, u2, ..., p,72,...,7p), we define

g1(8) = —A+cippua+cizuz+---+cipip+ B,
92(S) = —ra A+ B/r3 a4 cas s+ A cop iy + €21,

gp(s) :_rp)‘+cp,2/*2+cp,3ﬂ3+"'+:3/r;2;/1vp +cp.1-

Using this notation system (2.4) can be thought as system g;(s) = Ofori = 1, ..., p.
LetS=(A, l2, ..., ip, 72, ..., Tp)bethesolution of system (2.4) givenin Lemma4.1.
Applying the Implicit Function Theorem, if

g g dg g dg

O Oy Ouz  dup—1 drp

I U R R Y

D | 9 dux dus Ay ’

09, 09, dgp D9y Dy

oA Jdup  O0u3 opp—1 0rp
evaluated at s = § is different from zero, then for all t = (up,72,73,...,7p—1) ina
sufficiently small neighborhood U of t = (ji,,72,73,...,7,—1) we can find unique

analytic functions A(t), ug(t) for k~= 2, Y 1 and r, (t) such that they are solu-
tion of system (2.4). Of course A(t) = A, ux(t) = g fork = 2,..., p — 1 and
rp®) =7, LetV={teU : u,>0)}.Sincex >0, /iy >0fork=2,...,p—1
and 7, > 7,_1, then taking (if necessary) U more small we have that for all t € V,
At) >0, up(t) >0fork=2,...,p—1,7,(t) >7,_1,and u, > 0.

Next we prove that D # 0. After some computations we see that

acl,p

-1 €12 €13 ... Clp-1  —— Hp
orp
) dca,p

—ry  B/ry 3 ... Cp-1 Hp
orp
2 acs,p

—r3 €32 ,8/7'3 cee C3p—1 Hp

D= arp ,

—rp-1 Cp-12 Cp-13 -1 p
p or,
r Cpo Cp3 c 1 _ng(s)
—Tp p P, p.p—
ary s
where
g, (s) 0cp 2 dc acp. p—1 28 acp.1
—= = B i + W3 A e = Sy .
arp orp orp orp r orp
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Evaluating D at ), = 0 we get

-1 c12 13 ... Clp-1
2
—r ,3/]’2 6‘2,3 e C2,p—1
2
—r3 3,2 ,3/r3 <o C3p—1
D= :
—r 2 0
p—1 Cp—12 Cp—-13 ... IB/rp_l
dgp(s)
—rp Cp2 Cp3 <o Cp.p—1 ar
14 S=S
Notice that
-1 €12 €13 ... Clp-1
—rp /3/}"22 €3 ... C2p-1
2
A=| —713 a2 B/rs ... 3 p-1 £0,
—r c c ,3/r2
p—1 €p—-12 Cp-13 ... p—1ls—3
because by the hypotheses of induction (A, fi2, ... [Lp—1,72,...,7p—1) is the unique

solution of (2.4) with p — 1 instead of p. In short D # 0 if and only if

agp(s)
W . # 0.

S=s

Using the new variable z = r¢/r, we get

22 i 1 —x cos2mj/n)
Cpt = —5
p.L 2 P (22 + 1 — 22 cos(2mj/n))3/?

22
= (@@ + z ¢’ (2)).
7

Applying Lemma 3.1 we have that

dcpe
or

— iz (2$¢(ac) 42 (2) + x3¢”(x)) >0,
Ty

for 0 < z < 1. Therefore

d d 0 ad
depe _ depe Bz _ Bepe (_r_e)<0,

orp dr drp or
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forallr, > re.Sincer, > rgforallf =1, ..., p—1,wehavethat dc, ¢(S)/dr, < O.
Moreover A > 0, tx > Oforallk=2,...,p—1 andﬁ,,:O, therefore dg,(s)/dr, <0
and consequently D # 0.

We have just proved that for all t = (u,72,...,7p,—1) € V, system (2.4) has a
solution A = A(t), ux = ux(t) fork = 2,...,p — 1 and u, = p satisfying that
A > 0and ux > Oforall k = 2,..., p and such that A(t) = X, ux(t) = [y for
k=2,...,p—1land rp(f) =7y witht = (0,7, ... , 7p—1). It only remains to prove
that this is the unique solution of (2.4) for 1 < ry < --- < rp—1 < rp(t). Obviously,
if

—1 61,2 Cl,p—l Cls[’
—r ﬁ/rz2 .. Cp-1 C2p
Clr=f = . #0,
—r, ¢ c ,B/r2
p cp2 - Cpp-l P lr=F
withr = (r2,...,rp) and T = (72, ...,7p) and V is sufficiently small, then the solu-

tion of (2.4) obtained from the Implicit Function Theorem is unique. So if C|._z # 0
then the claim is proved.

Now we prove the claim when C|,_z = 0. We fix the variables (r2,...,r,—1) =
(r, ... ,7p_1) and we consider C as a function of r,,. It is easy to see that, near the
point 7, the functions ¢, x and cx , are analytic with respect to the variable r,, so
they are analytic with respect to the variable 1/7,. In particular,

o

=

g
I

n n 2
3 r 1
%+2 E cos(an/n)r—];+ E —(1+3cos(4nj/n))—§+0 =)
2 oo "p "p

n n
. 1 1 . Tk
Chp=— E cos(ZJT]/n)r—2 - E 5(1 +3COS(47TJ/ﬂ))r—3
j=1 Poj= P

3 < : 1
—— E (3cos(2nj/n)+500s(6nj/n))r—ﬁ+0 =)
85 p "p

Since Z?:l cos(2mje/n) = 0 for all £ € N we have that



264 M. Corbera et al.

Then expanding C in power series of 1/r, we get

€12 ... Clp—l -1
2
(=1)Pn B/rs ... cap-1  —12
= —2 . . .
2rp : 2 :
Cp—1,2 --- ,B/rp_1 —rp_1
-1 C1,2 c.o Clp—1
g | /3/}’22 cee 2 p—1 1
+ . . . + 0 =
s 3 U
—rp—1 Cp-12 ... /3/@,71
-1 €12 ... Clp-1
2
1 (n 5 —r B/rs ... c2p-1 0(1
=—\|\z+ ) . . . + —
2 . . . : 4
s 2 : : . ; s
—rp—-1 Cp—-12 ... ,B/rp_l

—~(2+p)atof-
_r% 2 rﬁ

Since A # 0 and B > 0, C is not the constant function. Therefore if Cy— = 0
then we can find 7, # 7, as close as we want to 7,, such that Cy—r # O where

r= (r2,...,7p—1,7p). Thismeans that we can find 1 <7 < --- <7,_1 <7
with 7, sufficiently close to 7, such that system (2.4) has a unique solution A, ;. for
k=2,...,p.Sincer, sufficiently close to 71,, this solution is close to the solution A,
g fork =2,..., p. It only remains to prove that such solution can be found so that
p > 0.

If 7z, = 0O, then we prove the claim by repeating the previous arguments of this
section by taking T instead of T. If 7z, # 0, then we can prove the claim by contra-
diction. Indeed, we have assumed that C|._z = 0. This implies that the linear system
(2.4) has infinitely many solutions A = A(w), ux = ux(w) fork =2,..., p — 1 and
ip = p when r = T. On the other hand, from the Implicit Function Theorem we
have found unique analytic functions A = A(u), ur = pur(p) fork =2,...,p— 1,
mp = p and r,(w) for w sufficiently small satisfying system (2.4) (remember that
we have assumed that (2, ...,7,-1) = (72, ...,7,_1)). This means that 7,(u) =7,
for all u sufficiently close to 0. But we have seen that for © = 7t system (2.4) has a
unique solution with r, =7, # 7,,. This gives the contradiction.

From here it follows the proof of Theorem 1.1 stated at the introduction.
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